A manifestly U-duality covariant approach to M-theory cosmology is developed and applied to cosmologies in dimensions D = 4, 5. Cosmological properties such as expansion powers and Hubble parameters turn out to be U-duality invariant in certain asymptotic regions. U-duality transformations acting on cosmological solutions, on the other hand, shift the transition time between two asymptotic regions and determine the details of the transition. Moreover, in D = 5, we show that U-duality can map expanding negative and positive branch solutions into each other.
With M-theory becoming the prime candidate for the underlying fundamental theory, new phenomena in particle physics as well as early universe cosmology have to be addressed. Consequently, there has been some recent interest in M-theory cosmology. In a first paper [1] the authors have studied the rôle of form fields in type II and M-theory cosmology. Subsequent papers [2, 3, 4] gave broad classes of cosmological solutions with form fields. In ref. [1, 4] it has been shown in detail that the main effect of these fields is to connect Kaluza-Klein type rolling radii solutions [5] with each other. Various other aspects of M-theory cosmology have been studied so far, such as the possibility of singularity free solutions [4, 6, 7, 8, 9] , moduli and dilaton stabilization [10] and the relation of cosmological solutions and p-brane solutions [1, 4, 11, 6, 12, 13] .
The main focus of this paper is the relation of U-duality [14] and cosmology, an aspect of Mtheory cosmology which so far has not received much attention. In the context of weakly coupled heterotic string theory, T duality has been shown to be a useful tool in cosmology [15] , to generate solutions as well as to understand their structure. Especially, the O(d, d)-covariant method of ref. [16] appears to be an extremely elegant approach to cosmology, which provides an overview over a large class of solutions. At the same time it is closely related to the development of prebig-bang cosmologies [17] . Applications of T-duality and S-duality to cosmology have also been discussed in the ref. [18, 19, 20, 21] . In ref. [11, 22, 23 ] the type IIB SL(2) symmetry has been used to generate cosmological solutions with Ramond-Ramond fields.
In this paper, we will present a manifestly U-duality covariant formulation of M-theory cosmology. Since U-duality rotates metric degrees of freedom and degrees of freedom from the 3-form of 11-dimensional supergravity into each other, we will be naturally dealing with cosmologies which have nontrivial "Ramond-Ramond fields". In particular, we will recover some of the previously derived solutions and their properties [1, 4] in our new context. The most interesting part of duality transformations in cosmology is the one which acts non-trivially on the space-time metric and it is this part on which we will concentrate. Therefore, we are going to reduce 11-dimensional supergravity on a Ricci-flat manifold to D dimensions, thereby keeping the breathing mode of the internal space as the only modulus [24] and focusing on the D-dimensional "external" part of U-duality. As a general rule, this part of the U-duality group acting on cosmological solutions in D space-time dimensions is the same as the U-duality group of 12 − D-dimensional maximal supergravity. As explicit examples, we will study the cases D = 4, 5, corresponding to the U-duality groups G = SL(2) × SL(3) and G = SL(5), respectively. The example D = 5 is motivated by the Horava-Witten construction of M-theory on S 1 /Z 2 which represents the effective theory of strongly coupled heterotic string theory. This theory turns out to be effectively 5-dimensional for phenomenological values of the coupling constants in some intermediate energy range.
The outline of the paper is as follows. In the next section, we will perform the reduction of 11-dimensional supergravity to D dimensions, keeping the "minimal" field content consistent with the external part of U-duality. In section 3, we will work out the general U-duality covariant formalism and present a general form for cosmological solutions. These results will be applied to D = 4, 5 in the following two sections. We conclude in section 6.
Compactification of 11-dimensional Supergravity
In this section, we are going to reduce the bosonic part of 11-dimensional supergravity to D spacetime dimensions on a Ricci-flat manifold. The resulting low energy action will be the starting point for our discussion of cosmological solutions.
The bosonic part of the 11-dimensional supergravity Lagrangian reads
We are using the conventions of ref. [25] . The 11-dimensional metric and curvature are given byĝ M N andR, respectively, where uppercase letters are used to index the full space, that is, M, N, ... = 0, ..., 10. The 4-form field strengthF M N P Q is expressed in terms of the 3-form gauge
For the class of compactifications we will be interested in, the Chern-Simons term in eq. (1) vanishes. Therefore, we drop this term from now on and consider the non-topological part of the Lagrangian
only. Our main purpose is to investigate the relation of cosmological solutions and U-duality symmetries for the action (2) . The focus in this paper will be on the external part of U-duality which acts non-trivially on the space-time metric rather than on the part which transforms moduli.
In our reduction to D dimensions we will therefore keep a minimal moduli content only, that is, the breathing mode of the Ricci-flat manifold. Though formulae in this section are kept general, the most interesting cases are the ones for D = 4, 5 on which we will concentrate later on. While the case D = 4 is of obvious relevance, the importance of D = 5 is motivated by the construction of Horava and Witten [26] for the effective action of the strongly coupled heterotic string. In this construction of 11-dimensional supergravity on the orbifold S 1 /Z 2 times a 10-dimensional manifold the orbifold direction turns out to be larger than the other (six) compact directions for phenomenological values of the coupling constants [27] . Consequently, the theory is effectively 
A µνρ = B µνρ (x σ ) .
All other components ofÂ N P Q are set to zero. Here Ω ab is the metric of a δ-dimensional Ricciflat manifold andb is its breathing mode. Depending on the dimension, this manifold can be a Calabi-Yau space, a torus or even a product of both. The D-dimensional metric and 3-form are denoted by g µν and B µνρ , respectively. As already discussed, we have considered the minimal moduli content represented byb only. As a further simplification, we have neglected D-dimensional vector fields (graviphotons as well as those arising fromÂ N P Q ) and D-dimensional 2 forms. In case of a reduction on a Calabi-Yau manifold the latter are not present anyway, since the Betti
With the above truncation, we arrive at a low energy theory independent on the details of the compactification, but we keep the characteristic 3-form as a low energy field. Furthermore, as we will see, the Ansatz (3) is consistent with the external part of U-duality, so that it provides a "minimal" setting for our purpose. Inclusion of other fields is straightforward but will not be considered here since the minimal field content suffices to illustrate our main points.
Using the truncation (3) the action (2) turns into
where
To get a canonical curvature term we perform the Weyl rotation
to the Einstein frame metricḡ µν . In this frame, eq. (4) reads 1
with
. For a study of cosmological solutions of this Lagrangian we consider the Ansatzḡ
b =b(τ ) . 1 We drop the factor √ Ω since it turns into a constant upon integration over the internal manifold.
Here, time has been denoted by τ . The equations of motion with these specialized fields inserted can be derived from a Lagrangian which is related to eq. (6) by a formal dimensional reduction to one dimension. This 1-dimensional Lagrangian is given by
whereΦ = det(Ḡ). The dot denotes the derivative with respect to the time τ .
In the last step we have dimensionally reduced d = D − 1 dimensions of a theory which by itself has been obtained reducing 11-dimensional supergravity. Therefore, one should expect the U-duality group of (11 − d)-dimensional maximal supergravity as a symmetry group of the La- (5), the U-duality group of 7-dimensional supergravity. As we will show, this is indeed the case. It is, however, hard to see directly from the Lagrangian in the form (8) . The reason is that we have performed a Weyl rotation (5) which is different from the one that leads to (11
supergravity with a canonical Einstein term. We can compensate for this by the following nonlinear
, which express the physical Einstein frame fieldsḠ mn ,N ,b,Φ in terms of the new fields G mn , N , b,
Written in terms of these new variables the Lagrangian (8) finally reads
This is the form of L we are going to use in our discussion of U-duality and cosmological solutions.
For a physical interpretation of solutions one should, of course, transform back to the Einstein frame fields via eq. (9) .
In this section, we will find the manifestly U-duality invariant form of the Lagrangian (11) for D = 4, 5 and discuss its general solution. Since the explicit parameterizations depend on the specific U-duality group, we discuss the two cases D = 4, 5 separately.
The expected U-duality group in this case is G = SL(2) × SL(3). Indeed, if we write the 3-form field B mnr as
with a scalar B = B(τ ), we can define SL(2)/SO(2)-and
Using these parameterizations and setting the internal dimension to δ = 7, Lagrangian (11) can be written as
In this form it is manifestly invariant under the SL(2) × SL(3) transformation
with P 2 ∈ SL(2), P 3 ∈ SL(3).
The U-duality group in this case is G = SL(5). Let us define the vector B = (B s ) by
Then the SL(5)/SO(5) coset M can be parameterized by [29] 
where we have used a matrix notation G = (G mn ) for the metric. With the internal dimension δ = 6, Lagrangian (11) can then be put into the form
which has manifest SL(5) invariance. The explicit transformations are given by
with P ∈ SL(5).
Both cases D = 4, 5 can be treated uniformly by considering an SL(n)/SO(n) sigma model (where n = 2, 3 for D = 4 and n = 5 for D = 5) written in terms of the coset parameterization M ∈ SL(n)/SO(n). It is this model which we are going to solve in the remainder of this section.
Explicit applications to D = 4, 5 are the subject of the following sections.
Without reference to a specific parameterization, the coset M can be characterized by the conditions det(M ) = 1 and M = M T which can be implemented via Lagrange multipliers. We are therefore considering the Lagrangian (20) with the Lagrange multipliers λ, γ. The SL(n) symmetry transformations are given by
where P ∈ SL(n). Infinitesimally, for P ≃ 1 + T , tr(T ) = 0 we have
The conserved current J T associated with an SL(n) generator T is easily calculated to be
After eliminating the Lagrange multipliers, we find as the SL(n) covariant equations of motion for M , b and N (in the gauge N = 1 which we can always choose by a suitable reparameterization of the time τ )
respectively. Clearly, the matrix M in these equations is restricted to be symmetric and unimodular.
The Hubble constant H and the energy density ρ are defined by
The second and third equation in (24) can be combined to find the following solution for the breathing mode
where b 0 is an arbitrary constant. Inserting this into the first equation (24) we find for the coset
where the constant matrices M 0 , I satisfy
Furthermore, from the last equation (24) one obtains the zero energy constraint
Eqs. (26)- (29) represent the complete solution of the Lagrangian (20) written in a manifestly SL(n) covariant form. The SL(n) transformation (21) on the coset M acts on the integration constants
At this point, it is instructive to count the number of integration constants in our general solution.
The matrices M 0 , I satisfying the constraints (28) contain n 2 + n − 2 independent parameters. The zero energy condition (29) eliminates one of them so that we remain with n 2 + n − 3 independent integration constants. This is just about the correct number to describe the general solution for all degrees of freedom in the coset M ∈ SL(n)/SO(n). On the other hand, the group SL(n) consists of n 2 − 1 parameters which implies that for n > 2 not all solutions can be connected to each other by SL(n) transformations. More precisely, the total n 2 + n − 3-dimensional solution space splits into n 2 − 1-dimensional equivalence classes, each consisting of solutions related to each other by SL(n) transformations via eq. (30). The remaining n − 2 integration constants label different equivalence classes, that is, classes of solutions which cannot be connected by SL(n) transformations. It is useful in the following to make this structure more explicit in the solution (27) . Diagonalizing M 0 and I using eq. (30) with appropriate matrices P , it is straightforward to prove that eqs. (27) , (28), (29) can equivalently be written in the form
and P ∈ SL(n). The equivalence classes of SL(n) unrelated solutions are parameterized by the n − 2 constants {p i } subject to the constrains (32). In addition, since SL(n) contains permutations of the n directions we should pick a definite order, say p i ≥ p j if i < j, for the {p i } to describe SL(n) inequivalent solution. On the other hand, a specific class, characterized by a fixed set {p i }, is generated by the matrices P ∈ SL(n) in eq. (31). In the next sections we will apply these general results to the examples D = 4, 5 and discuss physical the implications in detail.
The Example D = 4
We are now going to analyze the solutions of the 4-dimensional theory, specified by the Lagrangian (14), in detail. The dimension of the internal manifold is δ = 7. This manifold can, for example, be a torus T 7 or a product of a Calabi-Yau 3-fold and S 1 . The general equations of motion (24), (25), adapted to the situation of two cosets (with δ = 7 inserted), now read
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The two matrices M, G parameterize the cosets SL(2)/SO(2), SL(3)/SO(3) respectively, and are both symmetric and unimodular. Their explicit form in terms of the metric and the 3-form has been given in eq. (13) . According to eq. (9), the physical Einstein frame fields can be expressed as
From eq. (26), the solution for the breathing mode reads
For the cosets, we have from eq. (31), (32)
and P 2 ∈ SL(2), P 3 ∈ SL(3). As discussed before, we may require p > 0 and p 1 > p 2 > p 3 .
Totally, the solution is parameterized by 13 independent integration constants. Two out of the four parameters p, p 1 , p 2 , p 3 are independent, taking into account the constraints (38). They describe the equivalence classes of SL(2) × SL(3)-unrelated solutions. The remaining 11 parameters in P 2 , P 3 generate SL(2) × SL(3)-related solutions. As can be seen from eqs. (13), (15) the SL(3) subgroup is part of the global coordinate transformations and does not generate independent new solutions.
Without loosing information, we can therefore set P 3 = 1 in eq. (37) and concentrate on the SL (2) part of the U-duality group. We write explicitly
Then, from eq. (37) we get
By comparison with the general form of the coset (13) we can read off the fields Φ, B. Recall that B is the degree of freedom from the 3-form defined in eq. (12) . To find the Einstein frame fields b,N andḠ mn we insert the expression for Φ into eq. (35). The physical fields, written in terms of the SL(2) parameters, are then given bȳ
Note that, though τ was the comoving time in the original frame, this is no longer true in the Einstein frame, sinceN = 1. The comoving time t can be found by integrating the relation dt =N dτ . This can be explicitly carried out in two limiting cases and results in
The most relevant objects for the physical discussion are the scale factors a m in the three spatial directions defined byḠ mn = a 2 m (τ )δ mn and the corresponding Hubble parameters H m ≡ 1 am dam dt . In the two limiting cases (42), the latter turn out to be
law with the powers determined by the parameters p, p i . The expansion (or contraction) rate is generally different for the early and late asymptotic stage. Such behaviour has been first described in ref. [1, 4] . There, it has been shown, that the asymptotic regions in (42) correspond to KaluzaKlein type rolling radii solutions and the 3-form is effectively turned off in these regions. The form is, however, operative at
thereby generating the transition between the two Kaluza-Klein regions. Furthermore, in accordance with ref. [1, 4] , we find two different types of solutions which are realized for the two different signs of τ in eq. (42). The solutions with negative t generally end in a curvature singularity, whereas those with positive t generally start out from a curvature singularity. The two asymptotic Kaluza-Klein regions and the transition period clearly exist for both types.
The interesting observation at this point is that the expansion powers and Hubble parameters in the asymptotic regions are SL(2) invariants. The "rôle" of SL (2) 
In the asymptotic Kaluza-Klein regions we can again express the scale factor a in terms of the comoving time t. For both asymptotic regions we find for the Hubble parameter H a
energy. Since the power is positive the universe expands in the positive time branch t > 0 and contracts in the negative branch t < 0. In both branches the form connects asymptotic regions with the same expansion (or contraction) rate. As explained before an SL(2) transformation shifts the time of transition. Clearly, SL(2) would play an even more interesting rôle if the two asymptotic regions had different properties, for example, if one was expanding while the other was contracting.
Though this is generically the case for the general solution (44), requiring FRW-type solutions forces us into a situation with equal evolution rates. This will be different for the D = 5 solutions of FRW type as discussed in the next section.
The Example D = 5
We are now dealing with a δ = 6-dimensional internal manifold which can be a torus T 6 or a Calabi-Yau 3-fold. The equations of motion for the Lagrangian (18) are given by the general expressions (24), (25) 
The solution for the breathing mode can be read off from eq. (26)
For the coset M we have from eq. (31) and (32)
and P ∈ SL(5). As before, we require p i ≥ p j for i < j. The solution (51) contains 27 integration constants. Three of them are given by the parameters {p i } subject to the constraints (52), labeling the SL(5) equivalence classes. The remaining 24 integration constants parameterize the SL (5) matrix P in eq. (51).
What is the general physical picture emerging from the solution (51)? The entries of the Einstein frame metricḠ mn are given by a sum of terms, each being of the form K|τ | q . Here q is some power determined by the parameters {p i } in (51) and K is a combination of SL(5) group parameters. As in the D = 4 case, one expects one of these terms to dominate over the others in certain ranges of |τ |. For example, for a sufficiently large |τ | the dominating term will be the one with the maximal power q. In these asymptotic regions, the evolution rates are controlled by the {p i } and are therefore SL(5) invariant. As before, the SL(5) parameters determine the precise time range for the asymptotic regions and the time of transition.
Though generically clear, this is rather complicate to analyze in detail for the general solution (51). Therefore we concentrate on the physically interesting case of FRW universes in the following. Consequently, we require a 3-dimensional spatial subspace of our 5-dimensional space to be isotropic. For the metric and the form field this implies
where c, φ, B are time dependent scalars. Inserting (53) into the coset parameterization (17) for
with Φ = c 3 φ. Eq. (54) shows that, unlike in the case D = 4, the property "FRW universe" is not invariant under the full U-duality group SL(5). In particular, FRW universes can be mapped into anisotropic solutions and vice versa using appropriate SL (5) transformations. Since we wish to stay within the class of FRW solutions, we should restrict ourselves to the subgroup H ≡ SL(3) × SL(2) × U (1) ⊂ SL(5) which leaves the structure of M in eq. (54) invariant. Explicitly, this subgroup acts as
with P 2 ∈ GL(2), P 3 ∈ GL(3) and det(P 2 )det(P 3 ) = 1. Let us consider equivalence classes of solutions with respect to this subgroup H instead of the full group SL(5). Then FRW universes are specified by
in eq. (51). From eq. (52) we derive
We have therefore found a one parameter set (with parameter p) of H-inequivalent classes of FRW universes, each equivalence class for a fixed p spanned by the action of the group H in eq. (55). How does H act explicitly? First of all, GL(3) ⊂ H is again part of the global coordinate transformations and therefore trivial. We concentrate on the SL(2) part and write
Then, M 2 , M 3 take the form
where p 
(60)
As for D = 4, we can solve for the comoving time t in two asymptotic regions leading to
In these regions, we find for the Hubble parameter H a
The expansion coefficient P (p) depends on the free parameter p and is generically different in the two asymptotic regions. As can be seen from fig. 1 , it is always positive for large |τ | ≫ τ form and can have both signs for |τ | ≪ τ form . For the positive branch t > 0 this implies a universe which is expanding or contracting at early time and is turned into an expanding universe at late time. The situation for the negative branch is reversed; the universe is always contracting at early time (|t| large and t < 0) and can be contracting or expanding later. As before, the Hubble parameter (63) and hence the aforementioned properties are SL(2) invariant. The transition time given by
on the other hand, depends on SL(2) parameters along with the details of the transition. fig. 1 . An analog mapping, carried out by a T-duality transformation combined with a time reversal, is the starting point of the pre-big-bang scenario [17] of weakly coupled heterotic string cosmology.
Conclusion
In this paper, we have reduced 11-dimensional supergravity to D dimensions keeping a "minimal" field content in the low energy theory, that is, the D-dimensional metric and 3-form and the breathing mode of the internal Ricci-flat manifold. We have shown that cosmological solutions of such a D-dimensional effective theory are transformed into each other by the "external" subgroup of U-duality which is identical with the U-duality group of 12−D-dimensional maximal supergravity.
Based on this fact, we have worked out a U-duality invariant 1-dimensional effective action for cosmological models and determined its general solution written in a U-duality covariant way.
These results have been explicitly applied to the cases D = 4, 5. For these examples we recover some of the results obtained previously. Generally, we find positive and negative time branch solutions. The form field in each branch is operative during a finite period of time only, thereby generating a transition between two asymptotic Kaluza-Klein regions.
A new property in connection with the U-duality covariant approach which we found is the invariance of certain characteristic cosmological properties such as Hubble parameters and expansion powers in the asymptotic Kaluza-Klein regions. The rôle of U-duality is to fix the time and the details of the transition generated by the 3-form. A U-duality transformation, acting on a given solution, therefore shifts the time of transition between the Kaluza-Klein regions but does not affect the evolution in these regions.
One is tempted to interpret such a phenomenon as asymptotic U-duality invariance of the cosmological entropy, as measured by the area of the cosmological horizon. There is a problem, however, with such an interpretation. First of all, the cosmological horizons, defined by λ part (t) = a(t)
are nonlocal in time. Here λ part , λ event are the particle and the event horizon, respectively. The times t i , t f are the maximal past and future extensions of the solution. For our solutions we always have t i = 0, t f = ∞ for the positive branch and t i = −∞, t f = 0 for the negative branch.
Moreover, the typical behaviour of the scale factor a(t) in the asymptotic regions is given by a power law a(t) ∼ t q , where |q| < 1. Therefore, the only finite horizons are the particle horizon for the positive branch and the event horizon for the negative branch. Consider, for example, the particle horizon λ part (t) in the positive branch at a given time t and an equivalence class of U-duality related solutions. The solutions in this class will have different times t form at which the form is operative and there will be solutions with t < t form as well as t > t form in this class. For the latter, the integral in eq. (65) extends over the transition period and therefore depends on U-duality group parameters. As a result, though the Hubble parameter H a ≡ 1 a da dt is U-duality invariant, this is not the case for the particle horizon as defined in eq. (65). Despite this problem with a thermodynamical interpretation, we find the asymptotic U-duality invariance of relevant cosmological quantities remarkable.
Another important result in D = 5 is, that a combination of U-duality and time reversal can be used to map expanding negative and positive time branch solutions into each other. Therefore, a scenario analogous to T-duality pre-big-bang cosmology appears to be a possibility within our models.
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